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Mo/va/on	  

•  Sta/s/cal	  shape	  analysis	  
– Structural	  changes	  in	  disease	  
– Understanding	  growth	  process	  

•  Correspondence	  key	  to	  sta/s/cal	  shape	  
analysis	  
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Correspondence	  Problem	  

•  How to choose points on a surface such that they 
correspond across a population of surfaces?"

"



Plan	  for	  today	  
•  Review	  of	  the	  basic	  idea	  
•  Extensions	  

–  Generalized	  correspondence	  
–  Adap/ve	  sampling	  
–  Geodesic	  distances	  
–  Normal	  consistency	  
–  Open	  surfaces	  
–  Mul/-‐object	  complexes	  
–  Regression	  

•  Ini/aliza/on	  methods	  
•  ShapeWorks	  
•  Applica/ons	  
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Correspondence	  Overview	  

•  Parametric	  vs	  nonparametric	  
– MDL	  vs	  entropy	  

•  Pair-‐wise	  vs	  group-‐wise	  
– FreeSurfer	  vs	  MDL,	  entropy	  

•  Surface-‐based	  vs	  volume-‐based	  
– Correspondence	  vs	  registra/on	  
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Entropy-‐based	  correspondence	  

•  Group-‐wise	  
•  No	  need	  for	  prior	  atlas	  
•  No	  parameteriza/on	  
required	  

•  Efficient	  
•  Generic	  

Model	  
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Par/cle	  Correspondence	  

•  Point-based sampling of the ensemble "
–  Same number of particles per shape"

•  Particles are ordered"
–  Ordering implies correspondence"
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Tradeoff	  

•  Simultaneously maximize both the 
geometric accuracy and the statistical 
simplicity of the model"

Ensemble entropy	

(small = simple)	


Surface entropy	

(large = accurate)	


k:	  shape	  id	  
P:	  par/cle	  loca/ons	  
Z:	  ensemble	  distribu/on	  
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Ensemble	  Entropy	  

•  Low	  ensemble	  entropy	  	  
	  	   ⇔	  high	  similarity	  of	  corresponding	  points	  

	  ⇔	  sta/s/cally	  compact	  model	  

Ensemble entropy	


Very	  low	  ensemble	  entropy	  

High	  ensemble	  entropy	  

Low	  ensemble	  entropy	  

– 	  z	  represents	  all	  sample	  loca/ons	  
– 	  Assume	  normal	  distribu/on	  for	  z	  with	  covariance	  Σ	  
– 	  H(Z)	  ≈	  1/2	  log	  |	  Σ	  |	  	  
– 	  Σ	  es/mated	  from	  data	  
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Surface	  Entropy	  

•  High	  surface	  entropy	  	  
	   	   	   	  	  
	   	   	   	  	  

⇔	  uniform	  sampling	  of	  the	  surface	  
⇔	  high	  geometric	  accuracy	  

Surface entropy	


Low	  surface	  entropy	  

High	  surface	  entropy	  

– 	  H(Pk)	  =	  -‐∫	  p(x)	  log	  p(x)	  dx	  
– 	  Parzen	  windowing	  to	  es/mate	  p(xi)	  
– 	  H(Pk)	  ≈	  ∑i	  log	  1/N(N-‐1)	  ∑j≠i	  G(xi	  -‐	  xj,	  σj)	  
– 	  Truncated	  Gaussians	  



Plan	  for	  today	  
•  Review	  of	  the	  basic	  idea	  
•  Extensions	  
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•  Ini/aliza/on	  methods	  
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•  Main Idea: anatomical correspondence is rarely a direct result of 
spatial proximity of sample points on the surface!	  
	  
	  
	  
	  
	  
	  
•  Examples	  of	  “aoributes”	  f(x)	  

–  Local	  curvature	  
–  Sulcal	  depth	  
–  DTI	  -‐	  probabilis/c	  connec/vity	  
–  MRA	  -‐	  distance	  to	  vessel	  

•  Allowing	  correspondence	  to	  incorporate	  similarity	  of	  non-‐spa/al	  local	  
features	  	  

13	  

Generalized	  Correspondence	  
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Incorpora/ng	  aoributes	  

•  Corresponding	  par/cles	  across	  surfaces	  
should	  have	  similar	  aoribute	  values	  f(x)	  

remains 
the same	


• Par/cles	  should	  be	  evenly	  distributed	  on	  
each	  surface	  
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Surface 
entropy	


p(xi) ⇡
1

N(N � 1)

NX

j=1,j 6=i

G(xi � xj ,�i)

Adap/ve	  sampling	  

•  Surface	  entropy	  favors	  a	  uniform	  sampling	  
•  Might	  miss	  high-‐curvature	  areas	  
•  Solu/on:	  adap/ve	  –	  favor	  high	  curvature	  regions	  

p(xi) ⇡
1

N(N � 1)

NX

j=1,j 6=i

G(
1

kj
(xi � xj),�i)

Uniform	  

Adap/ve	  
16	  



Plan	  for	  today	  
•  Review	  of	  the	  basic	  idea	  
•  Extensions	  

–  Generalized	  correspondence	  
–  Adap/ve	  sampling	  
–  Geodesic	  distances	  
–  Normal	  consistency	  
–  Open	  surfaces	  
–  Mul/-‐object	  complexes	  
–  Regression	  

•  Ini/aliza/on	  methods	  
•  ShapeWorks	  
•  Applica/ons	  
	  
	   17	  



18	  

Driving	  problem:	  Cor/cal	  Correspondence	  

•  Highly	  convoluted	  surface	  is	  a	  problem	  

A 

B 

C 
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Cor/cal	  Correspondence:	  
Dealing	  with	  Cor/cal	  Geometry	  

•  Highly	  convoluted	  surface	  is	  a	  problem	  
•  Our	  ini/al	  solu/on:	  Inflate	  the	  brain	  	  

–  Convex	  regions	  move	  inwards,	  concave	  points	  move	  outwards	  
–  Minimizes	  metric	  distor/on	  

Color	  map:	  sulcal	  depth	  (integral	  of	  the	  mo/on	  along	  the	  normal)	  
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Par/cle	  System	  on	  the	  Inflated	  Cor/cal	  
Surface	  

Ensemble entropy	

(small = simple)	


Surface entropy	

(large = accurate)	




The	  real	  solu/on	  

•  The	  real	  problem	  is	  using	  Euclidean	  distances	  
•  So:	  use	  geodesic	  distances	  
•  Computa/onally	  expensive	  
– Not	  computable	  in	  closed	  form	  
– Need	  inter-‐par/cle	  distances	  for	  all	  par/cles	  &	  
shapes	  at	  every	  itera/on	  

– Solu/on:	  	  
•  Precompute	  distances	  on	  a	  very	  fine	  mesh	  (GPU-‐based)	  
•  Interpolate	  to	  par/cle	  posi/on	  during	  op/miza/on	  
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Normal	  consistency	  -‐	  I	  
•  Quick	  and	  dirty	  solu/on:	  
– Remove	  par/cles	  that	  switched	  between	  opposite	  
sides	  
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…	  

	   	  

xi	   xj	   xi	   xj	   xj	   xi	  



Normal	  consistency	  -‐	  II	  

•  The	  slightly	  beoer	  solu/on:	  
– Project	  normal	  direc/on	  to	  coordinate	  axis	  
– Use	  as	  scalar	  aoribute	  
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Normal	  consistency	  -‐	  III	  

•  Use	  the	  full	  vector	  
	  

Q =H(Z)�
MX

k=1

H(P k) +H(V )

H(V ) ⇡ 1

2
log|⌃V | ⇡

1

2
log|

X

i

X

k

n̂k
i · (n̂k

i )
T |

n̂k
i = d(nk

i , ni)Riemannian	  distances	  

Frechet	  mean	   25	  



Normal	  consistency	  -‐	  IV	  	  
(the	  saga	  con/nues)	  

•  Principal	  Nested	  Spheres	  (PNS)	  
•  Given	  normals	  on	  the	  unit	  sphere,	  fit	  a	  great	  
circle	  

•  Find	  the	  Frechet	  mean	  on	  the	  great	  circle	  
•  Compute	  principal	  scores	  (Z)	  
•  Minimize	  Z	  as	  part	  of	  entropy	  computa/on	  
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Correspondence	  on	  open	  surfaces	  

•  Basic	  idea:	  intersect	  surface	  with	  geometric	  
primi/ves	  

•  “Virtual”	  par/cles	  on	  the	  primi/ves	  for	  surface	  
entropy	  computa/on	  to	  repel	  from	  the	  
boundary	  
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Mul/-‐object	  complexes	  

•  Mul/ple	  organs	  per	  subject	  
•  Simple	  solu/on:	  treat	  all	  as	  one	  object	  
•  Beoer	  solu/on:	  	  
– Assign	  object-‐ID	  to	  each	  par/cle	  
– Constrain	  each	  par/cle	  to	  its	  object	  
– Decouple	  spa/al	  interac/ons	  for	  sampling	  
purposes	  

– Shape-‐space	  sta/s/cs	  remain	  coupled	  
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Linear	  Regression	  
•  Driving	  problem:	  neurodevelopment	  –	  shape	  
variability	  can	  be	  explained	  by	  age	  to	  some	  
extent	  

•  Standard	  version	  assumes	  the	  model:	  	  

•  For	  regression,	  instead	  use:	  

and	  minimize	  entropy	  associated	  with	  	  	  	  	  	  	  instead	  of	  
•  Linear	  regression:	  f(t)	  =	  a	  +	  bt	  

z = µ+ ✏, ✏ ⇠ N(0,⌃)

z = f(t) + ✏̂, ✏̂ ⇠ N(0, ⌃̂)

✏✏̂
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Splivng	  –	  ini/alize	  par/cles	  



Ini/aliza/on	  via	  parcela/on	  

•  Parcella/on	  to	  speed	  up,	  especially	  when	  
“hard	  to	  reach”	  areas	  exist	  



SPHARM+Par/cles	  



Manual	  landmark	  selec/on	  

•  Anatomical	  landmarks	  	  
•  Easily	  interfaced	  with	  
par/cle	  sw:	  
– Par/cle	  files	  (lpts)	  
– Slicer	  fiducial	  lists	  
(fcsv)	  
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ShapeWorks	  

•  hop://www.nitrc.org/projects/shapeworks	  
	  
•  Tools	  
– ShapeWorksGroom	  
– ShapeWorksRun	  
– ShapeWorksView	  
– ShapeWorksShop	  
•  Par/cleCorrespondencePreprocessing	  
•  Par/cleCorrespondencePostprocessing	  
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Hippocampus	  

•  Basic	  correspondence	  

	  	  
•  ShapeWorksShop	  &	  ShapeWorksView	  



Generalized	  correspondence	  



Synthe/c	  data	  

•  Geodesic	  distances	  
&	  normal	  entropy	  



LV	  myocardium	  

Expansion	  Contrac/on	  



Head	  shape	  

•  Regression	  	  



Subcor/cal	  shape	  complexes	  



Cranio-‐facial	  bones	  



Cranio-‐facial	  bones	  



Open	  Discussion	  

•  Problems	  and	  pixalls	  
–  Ini/aliza/on	  vs	  correspondence	  

•  Future	  work	  
–  Journal	  paper	  submioed	  to	  Computer	  Vision	  and	  
Image	  Understanding	  –	  Special	  Issue	  in	  Shape	  

– PNS	  
– Target	  interes/ng	  applica/ons	  



References	  
•  Combined	  SPHARM-‐PDM	  and	  entropybased	  par/cle	  systems	  shape	  correspondence	  

methodology,	  B	  Paniagua,	  et	  al.	  SPIE	  2012.	  
•  Group-‐wise	  Automa/c	  Mesh-‐based	  Analysis	  of	  Cor/cal	  Thickness,	  Vachet	  et	  al.	  SPIE	  2011	  
•  Geometric	  correspondence	  for	  ensembles	  of	  nonregular	  shapes.	  M	  Datar	  et	  al.	  MICCAI	  2011	  	  
•  Par/cle	  based	  shape	  regression	  of	  open	  surfaces	  with	  applica/ons	  to	  developmental	  

neuroimaging.	  M	  Datar	  et	  al.	  MICCAI	  2009	  pp.	  167-‐174	  	  
•  Par/cle	  based	  shape	  regression	  of	  open	  surfaces	  with	  applica/ons	  to	  developmental	  

neuroimaging.MICCAI	  2009	  (2009)	  pp:	  167–174.	  
•  Par/cle-‐based	  shape	  analysis	  of	  mul/-‐object	  complexes.	  J	  Cates	  et	  al.	  	  MICCAI	  2008	  
•  Cor/cal	  correspondence	  using	  entropy-‐based	  par/cle	  systems	  and	  local	  features.	  I	  Oguz	  et	  al.	  

ISBI	  2008	  pp.	  1637-‐1640	  	  
•  Shape	  modeling	  and	  analysis	  with	  entropy-‐based	  par/cle	  systems.	  J	  Cates	  et	  al.	  Lecture	  Notes	  

in	  Computer	  Science	  (2007)	  vol.	  4584	  pp.	  333	  	  
•  Entropy-‐based	  par/cle	  systems	  for	  shape	  correspondence.	  J	  Cates	  et	  al.MICCAI	  2006	  pp.	  

90-‐99	  
•  Robust	  par/cle	  systems	  for	  curvature	  dependent	  sampling	  of	  implicit	  surfaces.	  M	  Meyeret	  al.	  

Shape	  Modeling	  and	  Applica/ons,	  2005	  Interna/onal	  Conference	  (2005)	  pp.	  124	  -‐	  133	  


